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ABSTRACT
In this paper we give a simple proof of inequalities of integrals of
functions which are the composition of nonnegative continous convex
functions on a vector space Rm and vector-valued functions in a weakly
compact subset of a Banach vector space generated by m Lpµ-spaces for
1 ≤ p < +∞. Also, the same inequalities hold if these vector-valued
functions are in a weakly* compact subset of a Banach vector space
generated by m L∞µ -spaces instead.
Key words: convex functions, measure spaces, Lebesgue integrals,
Banach spaces.
1 Introduction
Both convexity of functions and characteristics of weakly compact sets are important in
the study of extremum problems and integral estimates in many areas of applied math-
ematics. The basic results about the continuity and differentiability of convex functions
appear in the book of Rockafellar [3] while many characteristics of weakly compact sets in
Banach spaces in the books of Benedetto [2] and Yosida [5]. Of interest and important is
the study of integral estimates of a function which is the composition of a convex function
on a vector space and a vector-valued function in a weakly compact subset in a Banach
space since this kind of composite function often appears in many research fields such as
compensated compactness methods (e.g., in [1] and [4]). Therefore it is very necessary to
give the inequalities of integrals of the composite functions for our solving many problems
in applied mathematics.
Throughout this paper, R denotes the real number system, Rn is the usual vector
space of real n-tuples x = (x1, x2, · · · , xn), µ is a nonnegative Lebesgue measure of R
n,
Lpµ(R
n) represents a Banach space where each measurable function u(x) has the following
norm
‖ u(x) ‖p=
(∫
Rn
|u(x)|pdµ
) 1
p
(1)
for any p ∈ [1,+∞), (Lpµ(R
n))m denotes a Banach vector space where each measurable
vector-valued function has m components in Lpµ(R
n), L∞µ (R
n) represents a Banach space
where each measurable function u(x) has the following norm
‖ u(x) ‖∞= ess sup
x∈Rn
|u(x)| (or say ‖ u(x) ‖∞= inf
E⊆Rn
µ(EC)=0
max
x∈E
|u(x)|) (2)
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where EC represents the complement set of E in Rn, and (L∞µ (R
n))m denotes a Banach
vector space where each measurable vector-valued function hasm components in L∞µ (R
n).
A sequence {ui}
+∞
i=1 is called to be weakly convergent to u in L
p
µ(R
n) as i → +∞ for
1 < p < +∞, if the following equality holds
lim
i→+∞
∫
Rn
uivdµ =
∫
Rn
uvdµ (3)
for all v ∈ Lqµ(R
n) where q = p
p−1
and 1 < p < +∞. A sequence {ui}
+∞
i=1 is called to be
weakly convergent to u in L1µ(R
n) as i→ +∞, if the equality (3) holds for all v ∈ L∞µ (R
n).
A sequence {ui}
+∞
i=1 is called to be weakly* convergent to u in L
∞
µ (R
n) as i→ +∞, if the
equality (3) holds for all v ∈ L1µ(R
n). A sequence {ui = (u1i, u2i, · · · , umi)}
+∞
i=1 is called
to be weakly convergent to uˆ = (uˆ1, uˆ2, · · · , uˆm) in a Banach vector space (L
p
µ(R
n))m as
i→ +∞ for 1 ≤ p < +∞, if {uji}
+∞
i=1 is weakly convergent to uˆj in L
p
µ(R
n) as i→ +∞ for
all j = 1, 2, · · · , m and 1 ≤ p < +∞. If {uji}
+∞
i=1 is weakly* convergent to uˆj in L
∞
µ (R
n)
as i → +∞ for all j = 1, 2, · · · , m, a sequence {ui = (u1i, u2i, · · · , umi)}
+∞
i=1 is called to
be weakly* convergent to uˆ = (uˆ1, uˆ2, · · · , uˆm) in a Banach vector space (L
∞
µ (R
n))m as
i→ +∞.
Let f(x) be a function whose values are real or ±∞ and whose domain is a subset S
of Rm. f(x) is called a convex function on S if the set {(x, y)|x ∈ S, y ∈ R, y ≥ f(x)}
is convex as a subset of Rm+1. Then it is easily known that f(x) is convex from S to
(−∞,+∞] if and only if
f(λ1x1 + λ2x2 + · · ·+ λkxk) ≤ λ1f(x1) + λ2f(x2) + · · ·+ λkf(xk) (4)
whenever S is a convex subset of Rm, xi ∈ S (i = 1, 2, · · · ) λ1 ≥ 0, λ2 ≥ 0, · · · , λk ≥ 0,
λ1 + λ2 + · · ·+ λk = 1. This is called Jensen’s inequality as S = R
m.
Inequalities of integrals of functions which are the composition of convex functions and
vector-valued functions in a weakly* compact subset of (L∞µ (R
n))m are shown in [4] (See
Theorem 3 in Section 3). In [1], if a special nonnegative convex function is considered
and a weakly convergent sequence is constrained in (L1µ(R
n))2, similar integrals of their
composite functions are obtained (See Example 2 in Section 2). Therefore in this paper,
by Fatou’s lemma, we are going to give inequalities of integrals of functions which are
the composition of nonnegative continous convex functions on a vector space Rm and
vector-valued functions in a weakly compact subset of a Banach vector space generated
by m Lpµ-spaces for 1 ≤ p < +∞. Also, the same inequalities hold if these vector-valued
functions are in a weakly* compact subset of a Banach vector space generated by m
L∞µ -spaces instead.
The plan of this paper is as follows. In Section 2, we obtain inequalities of integrals of
the composite functions f(u) where u is a limit of a weakly convergent sequence {ui}
+∞
i=1
in (Lpµ(R
n))m for 1 ≤ p < +∞ and f = f(x) is a nonnegative convex function from Rm
to R. A similar result for a weakly* convergent sequence is shown in Section 3.
2 Inequalities for weakly convergent sequences
The basic concepts have been introduced in the previous section. In this section we show
inequalities of integrals of functions which are the composition of nonnegative continous
convex functions on a vector space Rm and vector-valued functions in a weakly compact
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subset of a Banach vector space generated by m Lpµ-spaces for 1 ≤ p < +∞. That is the
following
Theorem 1 Suppose that a sequence {ui}
+∞
i=1 weakly converges in (L
p
µ(R
n))m to u for
1 ≤ p < +∞ as i → +∞, where m and n are two positive integers. If f(x) is a
nonnegative continous convex function from Rm to R, then
lim
i→+∞
∫
Ω
f(ui)dµ ≥
∫
Ω
f(u)dµ. (5)
for all Ω ⊆ Rn.
Remark 1 For m = 1, Theorem 1 can be also written as follows. Suppose that a
sequence {ui}
+∞
i=1 weakly converges in L
p
µ(R
n) to u for 1 ≤ p < +∞ as i → +∞, where
n is a positive integers. If f(x) is a nonnegative continous convex function from R to R,
then the inequality (5) holds.
Remark 2 Let S denote a convex subset of R and Sm the usual vector space of real
m-tuples x = (x1, x2, · · · , xm) where xi ∈ S (i = 1, 2, · · · , m). Then S
m is also convex.
Suppose that {ui}
+∞
i=1 weakly converges in (L
p
µ(R
n))m to u for 1 ≤ p < +∞ as i→ +∞.
Assume that all the values of {ui}
+∞
i=1 and of u belong to S
m and that f(x) is a nonnegative
continous convex function from Sm to R. Then the inequality (5) also holds.
Example 1 Assume that {ui}
+∞
i=1 is a nonnegative sequence which weakly converges
in L1µ(R
n) to u. Then
lim
i→+∞
∫
Ω
uidµ ≥
∫
Ω
udµ (6)
for all Ω ⊆ Rn. This is obviously a special case of Remark 2 when m = 1 and f(x) = x
is defined in [0,+∞].
Example 2 Step 2 of the theorem proof of DiPerna & Lions in [1] shows the following
result that
lim
i→+∞
∫
Rn
F (ai, bi)dµ ≥
∫
Rn
F (a, b)dµ
if two positive sequences {ai}
+∞
i=1 and {bi}
+∞
i=1 weakly converge in L
1
µ(R
n) to a and b
respectively, where F (x, y) = (x− y) log(x
y
) for x > 0 and y > 0. Obviously, since F (x, y)
is a nonnegative continous convex function defined in (0,+∞) × (0,+∞), DiPerna &
Lions’ result is a special example of Remark 2 for the case of p = 1 and m = 2.
We are below going to give a simple proof of Theorem 1. In order to prove Theorem 1,
we first recall the following result (See [2]):
Lemma 1 Given a measure space (X,A, µ), 1 ≤ p < +∞, and {un, u : n = 1, 2, · · · } ⊆
Lpµ(X). Assume un → u weakly. Then there is a subsequence {unk : k = 1, 2, · · · } whose
arithmetic means 1
m
∑m
k=1 unk converge in the L
p
µ(X)-topology to u.
Banach and Saks only proved Lemma 1 for the 1 < p < +∞ cases; the result for
L1µ(X) was showed by Szlenk in 1965. Using Lemma 1, we can easily prove Theorem 1.
Proof of Theorem 1 Put αi =
∫
Ω
f(ui)dµ (i = 1, 2, · · · ) and α = lim
i→+∞
∫
Ω
f(u)dµ
for all Ω ⊆ Rn. Then there exists a subsequence of {αi}
+∞
i=1 such that this subsequence,
denoted without loss of generality by {αi}
+∞
i=1 , converges to α as i→ +∞.
Since ui → u weakly in (L
p
µ(R
n))m for 1 ≤ p < +∞, it is shown by Lemma 1 that
there exists a subsequence {uij : j = 1, 2, · · · } such that
1
k
∑k
j=1 uij → u in (L
p
µ(R
n))m for
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1 ≤ p < +∞ as k → +∞. Thus there exists a subsequence of { 1
k
∑k
j=1 uij : k = 1, 2, · · · }
such that this subsequence (also denoted without loss of generality by { 1
k
∑k
j=1 uij : k =
1, 2, · · · }) satisfies that, as k → +∞,
1
k
k∑
j=1
uij → u a.e. in R
n. (7)
On the other hand, since f(x) is a nonnegative continous convex function from Rm to R,
we have
f(
1
k
k∑
j=1
uij) ≤
1
k
k∑
j=1
f(uij). (8)
Hance, by (8) and Fatou’s lemma, we know that
∫
Ω
lim
k→+∞
f(
1
k
k∑
j=1
uij)dµ ≤ lim
k→+∞
1
k
k∑
j=1
∫
Ω
f(uij)dµ. (9)
It follows from (7) that
∫
Ω
f(u)dµ ≤ lim
k→+∞
1
k
k∑
j=1
∫
Ω
f(uij)dµ, (10)
or equivalently, ∫
Ω
f(u)dµ ≤ lim
k→+∞
1
k
k∑
j=1
αij (11)
which gives (5) since αi → α as i→ +∞. This completes our proof.
3 Inequalities for weakly* convergent sequences
In the previous section we have given inequalities of integrals of the composite functions
for weakly convergent sequences in (Lpµ(R
n))m for 1 ≤ p < +∞. A similar result for
weakly* convergent sequences in (L∞µ (R
n))m can be also below obtained in this section.
Using the process of the proof of Theorem 1, we can prove the following theorem.
Theorem 2 Assume that a sequence {ui}
+∞
i=1 weakly* converges in (L
∞
µ (R
n))m to u as
i → +∞, where m and n are two positive integers. If f(x) is a nonnegative continous
convex function from Rm to R, then the inequality (5) also holds for all Ω ⊆ Rn.
Proof Put ΩR = Ω∩ {w : |w| < R,w ∈ R
n}. Then ΩR is a bounded set in R
n for all
the fixed positive real number R. Since ui → u weakly* in (L
∞
µ (R
n))m, ui → u weakly*
in (L∞µ (ΩR)
m. Hance, by L∞(ΩR) ⊂ L
1(ΩR), it can be easily known that ui → u weakly
in (L1µ(ΩR)
m. Then, using the process of the proof of Theorem 1, we can get
lim
i→+∞
∫
ΩR
f(ui)dµ ≥
∫
ΩR
f(u)dµ. (12)
It follows from the nonnegativity of the convex function f that
lim
i→+∞
∫
Ω
f(ui)dµ ≥
∫
ΩR
f(u)dµ. (13)
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Finally, by Lebesgue dominated convergence theorem, as R→ +∞, (13) implies (5). Our
proof is completed.
Furthermore, in the case for continous convex functions, using Mazur’s lemma [5], we
can deduce
Theorem 3 Assume that a sequence {ui}
+∞
i=1 weakly* converges in (L
∞
µ (R
n))m to u as
i→ +∞, where m and n are two positive integers. If f(x) is a continous convex function
from Rm to R, then the inequality (5) also holds for all the bounded set Ω ⊂ Rn.
Obviously, the result in Theorem 3 is weaker than that in Theorem 2 since the nonneg-
ativity of the convex function appears in Theorem 2 but not in Theorem 3. We can also
deduce Theorem 2 from Theorem 3. Theorem 3 can be easily proved using the following
lemma.
Lemma 2 Assume un → u weakly in a normed linear space. Then there exists, for any
ǫ > 0, a convex combination
∑n
k=1 λkuk (λk ≥ 0,
∑n
k=1 λk = 1) of {uk : k = 1, 2, · · · } such
that ‖ u−
∑n
k=1 λkuk ‖≤ ǫ where ‖ v ‖ is a norm of v in the space.
This is called Mazur’s lemma. Its proof can be found in the book of Yosida [5].
In fact, Theorem 3 is a part of the results given by Ying [4]. However, we still give its
proof below.
Proof of Theorem 3 Put αi =
∫
Ω
f(ui)dµ (i = 1, 2, · · · ) and α = lim
i→+∞
∫
Ω
f(u)dµ
for all the bounded set Ω. Then there exists a subsequence of {αi}
+∞
i=1 such that this
subsequence, denoted without loss of generality by {αi}
+∞
i=1 , converges to α as i→ +∞.
Since ui → u weakly* in (L
∞
µ (R
n))m, ui → u weakly* in (L
∞
µ (Ω))
m. Hance, by
L∞(Ω) ⊂ L1(Ω), it can be easily known that ui → u weakly in (L
1
µ(Ω)
m. It follows from
Lemma 2 that, for any natural number j, there exists a convex combination
∑N(j)
k=j λkuk
(λk ≥ 0,
∑N(j)
k=j λk = 1) of {uk : k = j, j + 1, · · · } such that ‖ u −
∑N(j)
k=j λkuk ‖∞≤
1
j
where N(j) is a natural number which depends on j and {uk : k = j, j + 1, · · · }, ‖ v ‖∞
represents a norm of v in (L∞µ (Ω))
m. Put vj =
∑N(j)
k=j λkuk. Then, as j → +∞, vj → u in
(L∞µ (Ω))
m. Since f(x) is continous, for any given positive ǫ, there exists a natural number
N such as
f(u) < f(vj) +
ǫ
mes(Ω)
(14)
for all j > N, where mes(Ω) represents the measure of Ω. By the convexity of the function
f(x), integrating (14) gives
∫
Ω
f(u)dµ ≤
N(j)∑
k=j
λk
∫
Ω
f(uk)dµ+ ǫ, (15)
or equivalently, ∫
Ω
f(u)dµ ≤
N(j)∑
k=j
λkαk + ǫ. (16)
First let j → +∞ and then ǫ → 0, (16) gives (5) since αk → α as k → +∞. This
completes the proof.
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